Abstract. Generalized cardinal Hermite spline interpolation is considered. A special case of this problem is the classical cardinal Hermite spline interpolation with shifted nodes. By means of a corresponding symbol new representations of the cardinal Hermite fundamental splines can be given. Furthermore, a new efficient algorithm for the computation of the cardinal Hermite spline interpolant is obtained, which is mainly based on fast Fourier transform. This algorithm is shown to be also applicable to computing the periodic Hermite spline interpolant. In both cases we only use necessary and sufficient conditions for the existence and uniqueness of the corresponding Hermite spline interpolant.
Introduction
In this paper we shall construct new efficient algorithms for the computation of the Hermite fundamental splines and the Hermite spline interpolant.
We use standard notation: Let fA be the Fourier transform r(") = E fU)e-iuJ.
jm-OO
Consider equidistant knots with multiplicity 2, where \J/2\ denotes the integer part of j/2. With N2, v e Cm_2(E) (v = 0, 1) we denote the normalized B-splines of degree m (m > 2) and defect 2 with knots xv , xv+x, ... , xv+m+x.
Let S^ 2(Z) be the set of all finite linear combinations of shifts of N2, "
(i/ = 0,1)': oo E (aJNn\,o(x-J) + bjNlA(x-j)) (xeR;aj,bj&R).
j=-oo
The Li(M)-closureof S° 2(Z) is denoted by Sm,2(Z). We consider the following generalized cardinal Hermite spline interpolation problem: For given data sequences y(0) :-{vj }^î_00, y'1' := {yf^Jt-oo e ^ > an<^ sm^ parameters T0, Ti e R with 0 < To < *i < 1> find a spline function s e Sm>2(Z) such that For the sake of simplicity, we describe our method only for splines of defect 2. But the procedure can be simply generalized to the corresponding Hermite interpolation problem for splines with higher defect. Further, the Hermite spline interpolation problem (1) is of special interest in applications. The existence and uniqueness problem is generally solved only for defect 2 (cf. [5] ).
In the literature, cardinal Hermite spline interpolation problems have been investigated mainly in the special case of nonshifted nodes (cf. [2, 10, 1] ). In particular, the construction of fundamental splines and the existence and uniqueness of solutions have been studied. The periodic Hermite spline interpolation for defect r > 1 (r e N) with interpolation nodes tq = tx = ■■■ = rr-X = 1 have been treated in [3] and [4] . The more general periodic case To = Ti = • • • = Tr_i e (0, 1] can be found in [9] .
Contrary to most of the other papers dealing with periodic or cardinal Hermite spline interpolation (cf. [8, 9, 3, 4] ) we do not use the normal B-splines Nm(' -k) (k e Z) and their derivatives (or their periodizations) as a basis for the spline space with higher defect, but instead B-splines with multiple knots.
In §2, we introduce a new representation of the symbol of the problem considered. This symbol will be the main tool of our approach to the cardinal fundamental splines in §3. Using fast Fourier transform, we obtain a new efficient algorithm for the computation of the cardinal Hermite spline interpolant in §4. Further, the close connection between periodic and cardinal Hermite spline interpolation will be considered. In §5, it will be shown that one and the same algorithm can be applied to the computation of the cardinal and the periodic spline interpolants.
Symbol of cardinal
Hermite spline interpolation Similar to Lagrange spline interpolation, we have to investigate the symbol of the interpolation problem (1). First we introduce the Euler-Frobenius polynomials of multiplicity 2 in order to construct the symbol for the generalized Hermite spline interpolation problem (1) .
With the help of B-splines with double knots, the generalized Euler-Frobenius polynomials of multiplicity 2 with shift parameter x e R can be defined by oo H"\tU(x,z):= E Nl,AJ + x)z* (i/ = 0,l;z€C).
_/=-oo Since suppN2, v (v = 0, 1) is compact, the functions //£," (v = 0, 1) are well defined. We are especially interested in the behavior of H2, " (v = 0, 1) on the unit circle. Therefore, we put for u eR h2mtV(x,u):=H2mv(x,e-iu) (xeR).
Then we obtain the following properties of h^ " .
Lemma 2.1. Let m e N (m > 2) and u, x e R be fixed. Then we have
For a proof we refer to [6] . Now for x, xo, xi, u e R we define the following determinants:
.,. hj,0(x, u) = ±(x2(6-5x) + (1 -x)V"),
The following properties for the functions h2, can be easily proved from the definition (see [6] ).
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h2m(xQ ,xx,u + 2kn) = h2m{x0 ,xx,u) (keZ), h2m(xo ±l,xx,u) = e±luh2n(x0 ,xx,u), ( 7) iW(x) = J_/ (iu)rsA(u)eiux du. 2n y_00
We shall compute this solution 5 and its derivatives s(r) (1 < r < m -2) by means of fast Fourier transform.
Assume that y}0) = 0, y)1' = 0 for / 0 {0, ... , N -1} . This assumption makes sense, since y^ e lx (v = 0, 1). Replacing in (7) the integration over R by integration over [-pn, pn] (p e N), i.e., with Dm<l/ as in Theorem 3.1. Thus, we find the following algorithm for the computation of the cardinal Hermite spline interpolant s e Smt2(Z) and its derivatives: 
